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1 Literature

Effective Field Theory (EFT) program to classical gravitational dynamics and radiation
was initiated in references [1, 2], for a review of the literature see references [3–5]. The
first post-Newtonian (1PN) Lagrangian was first derived in reference [1] using the EFT
approach, here we follow reference [6]. A Mathematica code was published in reference
[7].

2 Feynman rules

2.1 Propagators

= 〈φ(x1, t1)φ(x2, t2)〉, (1)

= 4πδ(t1 − t2)

∫
d3k

(2π)3

eik·(x1−x2)

k2
, (2)

= 〈Ai(x1, t1)Aj(x2, t2)〉, (3)

= −πc2δijδ(t1 − t2)

∫
d3k

(2π)3

eik·(x1−x2)

k2
. (4)

2.2 Field Vertices

=
1

4πc2

∫
d4x (∂0φ)2, (5)

This was visualized by a cross in the lectures, I have not yet figured out how to do this
with latex.
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2.3 Worldline vertices

The worldline couplings are to 1PN order

= −m1

∫
dt1 φ(x1(t1), t1)

[
1 +

3

2c2
v2

1(t1)

]
, (6)

=
4m1

c2

∫
dt1Ai(x1(t1), t1) vi1(t1), (7)

= −m1

c2

∫
dt1 [φ(x1(t1), t1)]2, (8)

where v1 = ẋ1 = dx1/dt. The worldlines are represented by thick lines, but note that
there are no propagators associated to them. The field-independent parts of the action

m1

∫
dt

[
−c2 +

1

2
v2

1 +
1

8c2
v4

1

]
, (9)

can just be taken over to Seff unchanged, one copy for each body. Note that there
was a typo in the lectures in the last term here.

3 Integrals

A useful integral is ∫
ddk

(2π)d
eik·x

(k2)α
=

1

(4π)d/2
Γ(d/2− α)

Γ(α)

(
x2

4

)α−d/2
. (10)

Show this using Schwinger parametrization. The special cases d = 3, α = 1, 2 read∫
d3k

(2π)3

eik·x

k2
=

1

4π|x|
(11)∫

d3k

(2π)3

eik·x

k4
= −|x|

8π
. (12)

4 1PN diagrams

The Feynman diagrams can be translated into integrals by “pasting” in the right-hand
sides of the Feynman rules; fields are contracted using 〈. . . 〉 according to the propagator
lines.

Compute the diagrams/integrals below!

=

∫
dt1m1

[
1 +

3

2c2
v2

1(t1)

] ∫
dt2m2

[
1 +

3

2c2
v2

2(t2)

]
〈φ(x1(t1), t1)φ(x2(t2), t2)〉.

(13)
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=

∫
dt1

4m1

c2
vi1(t1)

∫
dt2

4m2

c2
vj2(t2)〈Ai(x1(t1), t1)Aj(x2(t2), t2)〉. (14)

=

∫
dt1dt2d

3xdt
m1m2

4πc2
∂t〈φ(x1(t1), t1)φ(x, t)〉 ∂t〈φ(x2(t2), t2)φ(x, t)〉. (15)

= −1

2

∫
dt1dt2dt3

m1m
2
2

c2
〈φ(x1(t1), t1)φ(x2(t2), t2)〉〈φ(x1(t1), t1)φ(x2(t3), t3)〉.

(16)

= similar. (17)

5 Solution

=

∫
dt1m1

[
1 +

3

2
v2

1(t1)

] ∫
dt2m2

[
1 +

3

2
v2

2(t2)

]
〈φ(x1(t1), t1)φ(x2(t2), t2)〉,

≈ m1m2 4π

∫
dt1dt2

d3k

(2π)3

[
1 +

3

2
v2

1(t1) +
3

2
v2

2(t2)

]
eik·[x1(t1)−x2(t2)]

k2
δ(t1 − t2),

=

∫
dt
m1m2

r(t)

[
1 +

3

2
v2

1(t) +
3

2
v2

2(t)

]
, (18)

where r = |x1 − x2|. We have dropped terms higher than quadratic in the velocities,
since these would be 2PN. Notice that the result is the Newtonian gravitational potential,
with some velocity corrections at 1PN.

=

∫
dt14m1v

i
1(t1)

∫
dt2 4m1v

i
2(t2)〈Ai(x1(t1), t1)Aj(x2(t2), t2)〉, (19)

= −
∫
dt1dt2

d3k

(2π)3
16πm1m2v

i
1(t1)vj2(t2)δij

eik·[x1(t1)−x2(t2)]

k2
, (20)

= −
∫
dt

4m1m2

r
v1 · v2, (21)
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where we have suppressed the time dependence in the final result.

=

∫
dt1dt2d

3xdt
m1m2

4π
〈φ(x1(t1), t1)∂tφ(x, t)〉 〈φ(x2(t2), t2)∂tφ(x, t)〉, (22)

= 4π

∫
dt1dt2dt

d3k1

(2π)3

d3k2

(2π)3
d3xm1m2

eik1·[x1(t1)−x]eik2·[x2(t2)−x]

k2
1k

2
2

∂tδ(t1 − t) ∂tδ(t2 − t),

= 4π

∫
dt1dt2dtd

3k1
d3k2

(2π)3
m1m2

eik1·x1(t1)eik2·x2(t2)δ(k1 + k2)

k2
1k

2
2

∂t1δ(t1 − t) ∂t2δ(t2 − t),

= 4π

∫
dt1dt2dt

d3k

(2π)3
m1m2

eik·[x1(t1)−x2(t2)]

k4
∂t1δ(t1 − t) ∂t2δ(t2 − t), (23)

= −
∫
dt1dt2dt

m1m2

2
δ(t1 − t)δ(t2 − t)∂t1∂t2|x1(t1)− x2(t2)|, (24)

=

∫
dt
m1m2

2r
(v1 · v2 − v1 · nv2 · n) , (25)

where n = (x1 − x2)/r.

= −1

2

∫
dt1dt2dt3m1m

2
2〈φ(x1(t1), t1)φ(x2(t2), t2)〉〈φ(x1(t1), t1)φ(x2(t3), t3)〉,

(26)

= −1

2

∫
dt1dt2dt3m1m

2
2

δ(t1 − t2)δ(t1 − t3)

|x1(t1)− x2(t2)| |x1(t1)− x2(t3)|
, (27)

= −
∫
dt
m2

1m2

2r2
. (28)

The last diagram follows from the previous by an exchange of body labels

= −
∫
dt
m1m

2
2

2r2
. (29)

6 Result

Summing all results, The action at 1PN finally reads

So
eff =

∫
dt

[
−m1 −m2 +

m1

2
v2

1 +
m2

2
v2

2 +
1

8
m1v

4
1 +

1

8
m2v

4
2

+
m1m2

r

(
1 +

3

2
v2

1 +
3

2
v2

2 −
7

2
v1 · v2 −

1

2
v1 · nv2 · n

)
− m1m2(m1 +m2)

2r2

]
,

(30)

where n = (x1 − x2)/r.
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