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(3+1)-Decomposition: Metric

@ Decomposition of the metric:

_( N'IN;—N2 N, o_ 1
Guv = N/ Yi 9= N2

@ Normal vector of the 3-dim. hypersurfaces:
ny, =(—N.,0,0,0)
@ Exterior curvature of the 3-dim. hypersurfaces:

Kj = —ngy = —Nr)

! = — Y =Y ) K
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(3+1)-Decomposition: Field Equations

@ Decomposition of the field equations:
o Constraint equations:
1

O =_ Rt (Yun,ij>2 — yygrill | 4 ppmater
16m,/7 2\ ¥

_ 1k . omatt
O:f%pizgyijnl;k‘FJﬁma er

e Evolution equations:
Yio = 2Ny 2 (m— 3y + Nij+ Ny,
”ij,o = _N\[Y(Rij - %?’”R) + 1ZN?’Am?’”(”’”””mn - 1z(?’mnﬂmn)z)
— 2Ny 2y ™Y — Ly ™) + YN — N )
+ (TN = Ny t™ — Ny e™ 4+ SNY™Y 3 T
@ Source terms are related to the stress-energy tensor T#" by:
_ypmatter — VT Ty ntpv
%matter = /7Tiyn"
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ADM Canonical Formalism

@ Gauge independent Hamiltonian:

HUX. par 7] = [ Px(NA = N 587) + Ely]

1
Ely]l = @fdzsi(%j}j —Yj.i)

@ Hamiltonian in ADMTT gauge (ADM Hamiltonian)
= ADM Energy depending on canonical variables:

. ) 1
Hapm = E[Xévpahh;;-rvn#T] T /d3XA¢
1 \4
Y= (1 +8¢> 8+ hj'

@ Matter only Hamiltonian: Elimination of h}T and n?T by solving the
evolution equations.
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Spinin GR

@ Stress-energy tensor density in covariant SSC, S*Vu, = 0:

v—g T :/dT [mu“u"6(4)—(S“(“uv)6(4))”a
84) = 6(x—q(7))
@ EOM follow from T#) =0:

v =

DSHY
dr

Duy 1 iy, yp(4)
0, mW—QS URWV,L

Jan Steinhoff (FSU Jena) Hamiltonians from THY March 11, 2009



Source Terms in Canonical Variables

@ Calculate matter parts of the constraints:
%matter — WTuvnu nY , %pl_matter — _\/’)7TVI'nv

@ Define canonical momentum p; as
pi = / d®x mater
@ Define spin 3,-]- = €i(k) €j(1)EkimS(m) such that S2 = const. and
Jj = 2'pj— ZIpi + €jmS(m) = / aBx (X! AT — xd maer

@ Go over to canonical position variable z by a Lie shift
(such that one has the Newton-Wigner SSC in flat space).
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NLO Spin-Orbit Hamiltonian (DJS 2008)

pno _ ((P1xS1) -n2) 5mopd | 3(p1-P2)  3p3
SO rz 8ms3 4m? 4mymo

3(p1-N12)(P2-Ni2) 3(Pz'n12)2]
+ >
4m; 2mymo

+

((P2 xS1)-ny2) [(P1 -P2) N 3(p+ -n12)(p2-n12)]

rz mymo my Mo
((P1xS1)-p2) [2(P2-N12) 3(P1-N12)
+ 2 B 2
re mymo 4m;
((p1 ><S1)-n12) [11m2 5m§]
Iz m
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NLO Spin{-Spin, Hamiltonian

NLO _ 1
S1S, —

2mmard) [3((P1 xS1)-n12)((P2 x S2)-N12) + 5(S1-S2)(P1 - P2)

+6((P2 x S1)-N12)((P1 x S2)-N12) — 3(S1-P2)(S2-P1)

—15(81-n12)(S2-n12)(p1-N12)(P2-N12) +(S1-p1)(S2-P2)
—3(S1-n12)(S2-N12)(P1-P2) +3(S1-P2)(S2-N12)(P1 - N12)
+3(S2-p1)(S1-Nn12)(P2-N12) +3(S1-P1)(S2-N12)(P2-N12)
+3(S2-p2)(S1-n12)(P1-N12) —3(S1-S2)(P1 - N12)(P2 - N12)]

+ ﬁ[—((m % S1)-N12)((P1 % S2)-Ny2)

+(81-82)(P1-n12)2 — (S1-n12)(S2-p1)(P1-N12)]

m[-((r’z % S5)-N12)((P2 X S1) - Ny2)
+(S1-S2)(P2-N12)® — (S2-N12)(S1 - P2) (P2 N12)]
er[(s1 -Sp) — 2(S1 -N12)(S2-N12)]
12
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NLO Center of Mass

5Z,+2p

+ ; My {((pa xSgz)-Ngp) —5(pa x Sa)}

b¢a4mar ‘ab
Yy 1[?’(p %S2)— (e x S2)(P-Na)
— | a\WWMb - b b b
& T | 2 a) = 5(Na a a
Z,+2
~(PaxSa) na) 222
ab

{1882 nan) (S0 man) (80 800 %+ (8 ma) 2|

= Poincaré algebra is fulfilled.
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The Stress-Energy Tensor with Quadrupole

@ Stress-energy tensor density with quadrupole has the structure:
V=gTH = /df [f’”5(4) + (Y% 8a)) 1o+ (4 8a))

@ Getting expressions for the t*V- from T“‘Tv =0:

o Dixon’s work: Complicated definitions.
o Tulczyjew’s theorems: Complicated calculation.
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Ansatz for the Static Source Terms

matter  __ C1 if ij 2 C4 2
Sf,tsttatic m </ 61) j+7R/// 61"‘ S ()/151)’ ERS151
ng”yplyqlﬂ'p?’",qéwswl&
1 " A
am: (W'ymnyk{msﬂnsﬁk&)i
@ This ansatz is 3-dim. covariant. Remember:

1 L N
pi = /d%%ﬁ-maﬁer =mv;— §g/y‘}/m}’lk,m3k/ +0(p°)+0(5?)

@ Terms like 147 (01 0Or 18,4 can not appear.

o yjforKerr = ¢y = 1.

@ N for Kerr = ¢, = 0.

@ c3 and ¢4 do not contribute to the Hamiltonian.
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NLO Spin{-Spiny Hamiltonian

1 [ mo 3m
HNLO {4 2 (p1-$1) +8 3(P1 ni2)? 8§ - 2 P (S1-n12)?

3 3 22

~am (P1 Ni2)(S1-Nn12)(P1-S1) - mp.e&

3
—~_p3(Sy-nyp)? ?(Prpz)s?

4mymo 4m;

3
“an? (P1 p2)(S1-ny2)? t i (P1 ni2) (p2-Ny2)S%
“ o (P1 Ni2)(P2-S1)(S1-Nny2)

7(!02 N12) (P1-51)(S1-Ny2)
m

LR (P1-Nn12) (P2-N12) (S4 -n12)2]

4m?2
mo [9 5 7mo 3mo
— 4 |(S -n12)2753$ m; G ni2)? 7m71$$
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H = Hom + Hs3 + Hs%s, + Hg? + Hggo

NLO.
Hyg":

NLO .
Hg's,:

NLO.
HNLO:

a
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