Canonical Formulation of Spin in General Relativity

Jan Steinhoff  Steven Hergt  Gerhard Schéafer

Theoretisch-Physikalisches Institut
Friedrich-Schiller-Universitat Jena

Annual meeting of the GRK 1523, December 3rd, 2010

Jan Steinhoff (FSU Jena) Canonical Formulation of Spin in GR December 3rd, 2010 1/13



ADM Formalism and PN Approximation

ADM stands for Arnowitt, Deser, Misner; PN stands for post-Newton

e HAPM = ADM energy expressed in terms of canonical variables
after field constraints are solved in the ADMTT gauge.

@ Canonical Matter variables enter through source terms of the field
constraints, e.g., for a point-mass:

meatter _ \/m(S, H;natter _ pi(sy §= 5()(/ _ Zi)

@ These source terms follow from the energy-momentum tensor T+,
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e HAPM = ADM energy expressed in terms of canonical variables
after field constraints are solved in the ADMTT gauge.

@ Canonical Matter variables enter through source terms of the field
constraints, e.g., for a point-mass:

/Hmatter _ \/m(S, H;natter _ pi(sy §= 5()(/ _ Zi)

@ These source terms follow from the energy-momentum tensor T+,

@ HAPM can not be written down explicitly.
@ Approximations are possible, e.g., post-Newton:

1
HQDM _ /dSX [H?Etter _ §¢(2) H?;a)ltter
/\7_'#:_, =~

kinetic energy density Newtonian potential mass density

HRY = integrals over § = ,simple” =y
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Spin in Special Relativity
@ Components of 4-Spin S# = —Svr: fast & heavy
@ 3-Spin S¥ = ¢k S,
o Mass dipole S™

@ Center-of-mass is frame-dependent.

@ Need spin supplementary condition (SSC):

o Mgller SSC: 3*° =0

e Covariant SSC: S*"p, =0

o Newton-Wigner (canonical) SSC: :
m&" + 8" p, =0 slow & light
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Spin in Special Relativity
@ Components of 4-Spin SH* = —Svn: fast & heavy
e 3-Spin S7 = 5,
e Mass dipole S°
@ Center-of-mass is frame-dependent.
@ Need spin supplementary condition (SSC):
o Mgller SSC: 3*° =0
e Covariant SSC: S*"p, =0

e Newton-Wigner (canonical) SSC: :
mS0 4+ §p, =0 slow & light

Canonical structure
In covariant SSC, with associated center z:
Sij pi SOj _ ,d SOi

IS —
{z'z}_mZ m2p0

In Newton-Wigner SSC:
{2 o} =05, {55} =enS
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Angular Velocity and Spin

in Newtonian mechanics and special relativity

Newton special relativity
body-fixed frame XU = Npjpx!
rotational degrees of freedom Ayl =05 1*BAauNey = 1
— supplementary condition /\[’]”p“ =0

Jan Steinhoff (FSU Jena) Canonical Formulation of Spin in GR December 3rd, 2010 4/13



Angular Velocity and Spin

in Newtonian mechanics and special relativity

Newton special relativity
body-fixed frame XU = Npjpx!
rotational degrees of freedom Ayl =05 1*BAauNey = 1
— supplementary condition /\[’]”p“ =0
. dA A
Angular Velocity Q= Ay [k]’ QMY = Nt ]
-
. , 8L oL
Spin (L: Lagrangian) Sj = ZW S = 26(2*“’
< supplementary condition Sup’ =0

Remark:
@ Angular velocity vector is Q' = Jejx Q. Analogous for spin.

&=
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Action Approach with Minimal Coupling

@ Metric variation problematic:
AA,u v=0w = VYtV = ZQ;W
@ Variate A and tetrad ey, €2,€%, = g, A, = NM3ey,:
MaNs =nab < Yatb + VVa = 2Nab
@ Minimal coupling:
aD/\Ab ALl dAAb
ATdr ~ M ar
@ Supplementary conditions and mass-shell constraint:

a.,eb,Qm = Qb = A — N, Pur

Sup’ =0, ANMe,p" =0, p,p'+m =0

Saus
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Action Approach with Minimal Coupling

@ Metric variation problematic:
AA,u v=0w = VYtV = ZQ;W

@ Variate A and tetrad ey, €2,€%, = g, A, = NM3ey,:

NaN =7ab < Vb + VbVa = 20ab
@ Minimal coupling:

Aa DAAb _ /\Aa dAAb
ar ar
@ Supplementary conditions and mass-shell constraint:

a.,eb,Qm = Qb = A — N, Pur

Sup’ =0, ANMe,p" =0, p,p'+m =0

@ Solve constraints, supplementary and gauge conditions.
@ Find variables, in which Lagrangian is of the canonical form
L=pig —H
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Action Approach with Minimal Coupling

@ Metric variation problematic:
AA,u v=0w = VYtV = ZQ;W

@ Variate A and tetrad ey, €2,€%, = g, A, = NM3ey,:

NaN =7ab < Vb + VbVa = 20ab
@ Minimal coupling:

Aa DAAb _ /\Aa dAAb
ar ar
@ Supplementary conditions and mass-shell constraint:

a.,eb,Qm = Qb = A — N, Pur

Sup’ =0, ANMe,p" =0, p,p'+m =0

@ Solve constraints, supplementary and gauge conditions.
@ Find variables, in which Lagrangian is of the canonical form

1 1. NI,
L= 16~ /d3 UTThTO + p,z + 53(,’)0)9(’)0) — HAPM
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Action Approach with Minimal Coupling

Canonical structure

dA A
@ Variate A* = {A HPM} +
LY R
@ Minimal cc {2, p} =9
(A0, B} = ARG, — RO,
a A
e 8o 8w /)}—5:k3 — oSt — 1Sk + 1S
@ Suppleme
{%}T(X), AleT(x/)} _ 167T(STTK/5(X _ x/)
5, = TT-projector
@ Solve cons
@ Find variat
1 1o g
L= 16~ /dSX WUTThTO + p,z + ES(i)(j)Q(I)U) — HAPM

- ¥ -
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Canonical Variables to Linear Order in Spin

@ Gauges: e, = Ny, (e(,")j) =\ (vi), T = t
@ Matter variables: 2" and S; from SSC S**(p, + mn,) =0
i osi nS’ — w2 Nipp.
z =2 m—np’ np = m= + ~Ypip;
S =& - Pf”Sf LS e P
—-np m-np’ ! m
06 _ A (5, 4 _PwPO o _ g MPGNS)
A (5“ Fintm—np) ) A= o)

R . . nS;
pi = pi — KjnS — Aee?); + ( Skj + kp )F"’

@ Field variables:
AT — BIT
ol = 21T — 5:7(87 A5 + 167 Bly, A™5)
el D€(in 0 d€(im 51T =

3’Yk/ 5 OV '

Bk/ _

mn — =

= TT-projector /=
proj Sy
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Next-to-Leading Order (NLO) Spin-Orbit

Hamiltonian first derived: Damour, Jaranowski, Schafer (2008)
See also: Tagoshi, Ohashi, Owen (2001); Faye, Blanchet, Buonanno (2006)

HNLO _ ~((p1 x S§1) - f1z) [5map?  3(P1 - Po) . 3p5
72, 8m3 4m? 4mym,

3(p1 - Ar2)(P2 - A12)  3(P2- ﬁ12)2]
+ >
4m; 2mymo

L (P2 x §1) - firp) [(fh P2) | 3(P1 - fir2)(P ﬁ12)]
?122 mymso m1mo
((B1 x $1) - B2) [2(P2 - Arz)  3(P1 - fir2)
+ 2 - 2
o myme 4m1

((ﬁ1 Xé1)'ﬁ12)|:11m2 5m§}
=3 +
r12 2 my

4 (P2 x S1) Rz Xi‘)'"m) 6m, + 12 +(12)
r, 2

L

<= ¥
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Next-to-Leading Order (NLO) Spin-Orbit

Hamiltonian first derived: Damour, Jaranowski, Schafer (2008)
See also: Tagoshi, Ohashi, Owen (2001); Faye, Blanchet, Buonanno (2006)

HNLO _ ~((p1 x S1) - ) [5mzﬁ$ 3(p1 - P2) 3p3

S0 72 8m3 4m2  4mym;
N ((B2 x $1) - irz) [ (B1 - B2)
?122 mymo

((ﬁ1 Xé1)'ﬁ12)|:11m2 Smﬂ
_ = +
r12 2 my

4 (P2 x S1) Rz Xi‘)'"m) 6m, + 12 +(162)
r, 2

for circular orbits SS
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Perihelion Advance with NLO Spin-Orbit

@ Y-axis: deviation of perihelion advance relative to non-spinning case
@ X-axis: distance in units of the total mass
@ Parameters: eccentricity 0.1, my = mo, S;/m? = 0.8
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@ For formulas see Tessmer, Hartung, Schéfer,
Class. Quant. Grav. 27, 165005, (2010), arXiv:1003.2735 [gr-qc].
@ Thanks to Johannes Hartung for delivering this plot.

Z et
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NLO Spin4-Spin,

Partial result: Porto, Rothstein (2006). Full result: Steinhoff, Hergt, Schafer (2008).

HS,S, = W{ ((Br % 81) - fuz)(P2 x 82) - fez) + 5(S1 - 82) (B - Be)
+6((P2 x 81) - Ar2)((Pr x S2) - Arz) — 5(81 - P2)(S2 - P1)
—15(81 - fy2)(S2 - Ai2) (P - Pa2) (P2 - Aiz) + (St - P1)(Sz - P2)
—8(81 - Ar2)(S2 - Az)(Pr - P2) + 3(S1 - B2)(Sz - frz) (B - firz)
+3(82 - p1)(S1 - r2) (P2 - Aiz) + 3(S1 - P1)(S2 - n12)(I3 fi2)
+3(32 P2)(S1 - Ar2)(B1 - Arz) — 3(S1 - S2)(B1 - Arz) (P2 - Arz)]
2m1r132[ ((B1 x §1) - Ar2)((B1 x S2) - rz)
+ (81 82)(pr - Arz)® — (St - Ar2)(Sz2 - Pr)(Br - firz)]
+ Wm[ ((B2 x S2) - fr2)((B2 x S1) - Ar2)
+ (81 82) (P2 rz)® — (Sz - r2)(81 - P2) (B2 - rz)]
+ M[(s &) — 281 - Ar2)(Sz - firg)]
12 —
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NLO Spin4-Spin,

Partial result: Porto, Rothstein (2006). Full result: Steinhoff, Hergt, Schafer (2008).

HYQ = ; 3((Br x 81) - fra) (P2 x 82) - Arz) + 1(81 - &2)(Pr - o)

+ 6((P2 x §1) - fir2)((P1 x S2) - firz)

]
%f?fz[_((f” x 81) - Ar2)((P1 x S2) - Arz)
]
+ m[—((ﬁz x 8§2) - A1) (P2 x 81) - Arz)
]
12

for circular orbits and orbital-angular-momentum-aligned spins
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Quadrupole Deformation due to Spin

@ Quadratic order in spin — quadrupole deformation
@ Ansatz for Dixon’s quadrupole:

C
Jrebe — gyl @lbyel Q= Fosups,,p — Trace
b

@ (g is an object-dependent constant:

o Neutron stars: Cq =4...8 [Poisson (1998); Laarakkers, Poisson (1999)]
@ Black holes: Cq =1

":,gw;gl w
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Quadrupole Deformation due to Spin

@ Quadratic order in spin — quadrupole deformation
@ Ansatz for Dixon’s quadrupole:

C
Jrebe — gyl @lbyel Q= Fosups,,p — Trace
b

@ (g is an object-dependent constant:

o Neutron stars: Cq =4...8 [Poisson (1998); Laarakkers, Poisson (1999)]
@ Black holes: Cq =1

@ Approach via effective action possible [cf. Porto, Rothstein (2008)]:

v v
L = —%Rmﬁspﬂsaﬂ %;ﬁp —%RWV@W %Z‘:ua
preserves supplementary conditions quadrupole deformation
guwas _ _g OLs [Bailey, Israel (1975)]
ORvap
@ Kj in matter action problematic for canonical formulation. SSuEe

Jan Steinhoff (FSU Jena) Canonical Formulation of Spin in GR December 3rd, 2010 10/13



Shortcut to NLO Spin(1)-Spin(1) Hamiltonian

o pi-dependent part of Hy;© follows from the global Poincaré algebra.
1
[Hergt, Schafer (2008)]
@ Only need p; = 0 part of Hg‘zLo.
1

@ Only need p; = 0 part of matter energy density.
@ p; = 0 part of matter energy density can be calculated from

V—gTH = / dr [u(”p”)6(4) + (uwswa(sm))

Il

1 v (o3 2 oapr
+ gy = 5 (I 5(4))|I(aﬁ)]

[Steinhoff, Pitzfeld (2010)]

C
Jupﬁa _ _3U[UQP][5UO‘] , OMV = FOSHPSVP — Trace
b

<=t H! =
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NLO Spin{-Spins for Black Holes and Neutron Stars

For black holes: Steinhoff, Hergt, Schéafer (2008). See also: Porto, Rothstein (2008).

15 ~ 5 5 ~
HNo T2 [(f770> 8§ )81 - P (7770)”32
52 e AW q ) (P1 - fi12)(S1 - Ai12)(S1 - P1) + 260 ) PiSi

9 3 21 N
+ (_§ + 2Co> (P1 - R12)28% + ( s T2 C ) (51 - A)?
3
2

5 C 9 3 5a
_- C 2 Q [ 52(8 2 7A232}
+ ( at3 o) (S1-p1) ] mmeS, |4 B3(S1 - fiiz)? — - B3S]

1 3 9 PR .
m2?132 { (_5 + ECQ) (P2 - Ar2)(S+ - n12)(S1 P1)

1
+ (*3 + gco) (B1 - A12)(S1 - Ar2)(S1 - P2) + (*g + gCQ) (B1 - P2)S%
+(3-56) Br-hra)(pe hi2)$ + (3= 510 ) (Br-B(S1 - Aro)®

- ?Co(fh - fir2) (B2 - fr2) (S1 - fiiz)® + (§ - 500) (S1-P1)(54 '132)}

2

16, 82 3co) (8- An)?

+E 2+5Ca) St~ (3+5Ca) (S1-hr2)
2

] [(1 +2C0)82 — (1 +6Co) (6 -ﬁm)z}
miy,
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NLO Spin{-Spins for Black Holes and Neutron Stars

For black holes: Steinhoff, Hergt, Schéafer (2008). See also: Porto, Rothstein (2008).

]
.
mrs

m
=2 C
1“[(2+ Q) } for circular orbits
m2 li i .
L m {(1+ZCQ)S } and aligned spins: =
my P,
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