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ADM Hamiltonian and Global Poincaré Invariance

@ Hamiltonian in ADMTT gauge (ADM Hamiltonian)
= ADM energy depending on canonical variables:

Haom = E[x, Pai, hj", ] = —7/d3XA¢
1 4
¥j = (1 +8¢> 8+ hyT

@ The algebra of global Poincaré invariance reads

{P;,Pj} =0, {Pi,H} =0, {Ji,H} =0,

{Ji.P;} =€uPr. {JiJi} =gk, {Ji,Gj} = G,

{Gi, P} = Hoy, {Gi,H} =P, {Gi, G} = —€jkk
with |

Pi=)Y pai, Ji=), [Eijkéépak + Sa(i)] :
a

a
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Spinin GR

@ Stress-energy tensor density in covariant SSC, S*Vu, = 0:

v—g T :/dT [mu“u"6(4)—(S“(“uv)6(4))”a
O(a) = 0(x — 2(7))
@ EOM follow from T#) =0:

v

DSHY
dr

Duy 1 iy, yp(4)
0, mW—QS URWV,L
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Identification of Canonical Variables

o Calculate sz
cyi/pimatter — _\/77-;‘/ nv

@ Define canonical momentum p; as:
= / dOx e
@ Define spin S,-,- = €j(k)€j(1)EximS(m) such that S2 = const. and
Jj=2'pj— 2Ipi + €jmS(m) = / a3x(x’' AT — x) o matier)

@ Go over to canonical position variable z by a Lie shift
(such that one has the Newton-Wigner SSC in flat space).
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NLO Spin-Orbit Hamiltonian

First derived: Damour, Jaranowski, and Schafer (2008)

o _ (P11 xS1)-ni2) 5mepf  3(p1-P2)  3P3
rz 8m? 4m? 4mymy

n 3(P1-N12)(P2-N12) N 3(p2-Nn12)?
2
4m1 2m1 mo

. ((p2 ><321)'n12) {(91 -P2) . 3(p1 -n12)(p2-n12)}
f12 mymo mymo
((p1 xS1)-P2) [2(P2-n12) _ 3(p1 -n12)}

Jr
2 mim 2
2 1112 4m;

_ ((p1x81)-n12) {11m2+5m§]

i 2 m
4+ ((P2xS1) 1) Xs;”’"‘z) {6m1 + 15'”2] +(1o2)
s 2

@ Equivalent to Faye, Blanchet, Buonanno (2007)
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NLO Spin{-Spin, Hamiltonian

Partial result: Porto and Rothstein (2006)

|
NLO _ 3 1
Hsis, = 2 mard, [5((P1 xS1)-n12)((P2 X S2) -N12) + 5(S1-S2)(P1 - P2)

+6((p2 xS1)-N12)((P1 X S2) N12) — 3(S1-P2)(S2-P1)

—15(81-n12)(S2-n12)(p1-N12)(P2-N12) +(S1-P1)(S2-P2)
—3(S1-n12)(S2-Nn12)(P1-P2) +3(S1-P2)(S2-n12)(P1 - N12)
+3(S2-P1)(S1-n12)(P2-N12) +3(S1-P1)(S2-N12)(P2 - Ni2)
+3(S2-P2)(S1-n12)(P1-N12) —3(S1-S2)(P1 - N12)(P2 - N12)]

+ ((P1 xS1)-n12)((P1 x S2) - Ny2)

2.3 [~
2m3ry,

+(S1-82)(P1-n12)2 — (S1-N12)(S2-p1)(P1-N12)]

* ﬁ[_((m x82)-n12)((P2 x S1)-N12)

2msri,
+(S1-82)(P2-N12)% — (S2-N12)(S1 - P2) (P2 - N12)]
+ I s, 85) - 2(81 nia)(S2 )]
12
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Hamiltonians from the Poincaré Algebra

Hergt and Schéfer (2008)

The full Hamiltonian up to 2PN enters the Poincaré algebra:

H = Hn+ Hipn+ Hopn + ng(P)N—l- HggN +Hge + HS3p+ Hszpz +Hgs

@ Source terms in canonical variables sufficient for Hgz s, ., Hsgp,
Kerr-metric in ADM coordinates (HS 2007).

© Ansatzes for Hsee, Hszpe, Hsap, s Hsgp,r Hszs,p,» Hszs,p,» Hss: and
Hsg are fixed up to canonical transformation by {G;, H} = P;.

@ The static (linear momentum independent) part of the Hamilton
constraint is needed to fix these remaining degrees of freedom.
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The Stress-Energy Tensor with Quadrupole
unpublished

@ Stress-energy tensor density with quadrupole has the structure:
\/ —ng"w = /d’L’ [tMV6(4) + (t“va5(4))||a + (tﬂva56(4))aﬁ:|

@ Getting expressions for the t*V-- from T“‘Tv =0:

o Dixon’s work: Complicated definitions.
o Tulczyjew’s theorems: Complicated calculation.

o t#vab related to spin-squared mass quadrupole
U = },lk},/l},mnSMmSm/_'_ 3327’]
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Ansatz for the Static Source Terms

ypmatter In11 <I{j§1> y RU[’/51 + S2 (7/’/51) %RS%&

S2, static
1
ngn}’pqu/ﬂ'p}’"gsszwl&
1 ; P
am. (lemnyk,m& InS1jk51)’i
@ This ansatz is 3-dim. covariant, as p; is not:

1 A ~
D = /dSX%matter = mv,— égijj/m'}'k/,msk/ + ﬁ(pz) + ﬁ(SZ)

e Terms like I/ 8 or I8, can not appear.

e y; for Kerr = ¢y = — 3.

@ Lapse function for Kerr = ¢, = 0.

@ c3 and ¢4 do not contribute to the Hamiltonian.
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NLO Spin{-Spiny Hamiltonian

1 [ mo 3m
HNLO {4 2 (p1-$1) +8 3(P1 ni2)? 8§ - 2 P (S1-n12)?

3 3 22

~am (P1 Ni2)(S1-Nn12)(P1-S1) - mp.e&

3
—~_p3(Sy-nyp)? ?(Prpz)s?

4mymo 4m;

3
“an? (P1 p2)(S1-ny2)? t i (P1 ni2) (p2-Ny2)S%
“ o (P1 Ni2)(P2-S1)(S1-Nny2)

7(!02 N12) (P1-51)(S1-Ny2)
m

LR (P1-Nn12) (P2-N12) (S4 -n12)2]

4m?2
mo [9 5 7mo 3mo
— 4 |(S -n12)2753$ m; G ni2)? 7m71$$

12
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Higher Post-Newtonian Orders

with Han Wang, in preparation
@ Need spin corrections to canonical field momentum:
Tan = fiijeld + ”gpin )
nfiijeﬂd = -1V =YY Ku.
such that:
P=Y a1z | dxniT

Jj =Y. (2paj — Zhpai) + ¥ Sai()
2 a

j
@ Choose g,

1 . .
3 i KITT g TT KITT oTT
- 167 /d X(X Tcan hkl,j_Xjﬂ:can hkl,i)
1 ) .
3 KTT |, TT JKTT , TT
_2167'E/d X (Tgan hkj — Tean N

@ Got Hamiltonian for field evolution at formal 3.5PN.
@ Checked 1PN energy flux (Kidder 1995).
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Action Approach

Steinhoff and Schafer (2009)

@ Action:

Wieau, 2* Bus A2, Sap, A2, Aag, Aa] = / d*x &
AAa/\anAB — n ab

@ Lagrangian densities . = £+ -2+ Zc:
. 1 az* A1 dead
zM:/deru—2sabw ) o }54)
- N A3 .
Zec= /df [)vfpbsab + AgpA13p, — ES(P2 + mz)] S(4)

1 5QR(4

26= 167

do3® = AZdNP
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Reduction of the Matter Part

in covariant SSC and time gauge

L = Lk + L+ Lok

@ Kinetic matter part:

) , NS Pk nS;
Lk = {pi‘FK/j”SJ‘FAkle(/)kefvji) B (Skj+ (nP j)> ]Z 0

2
/ B 5 1 ADAKIO)
ns nS»Py) ~ 1S¢Pu) | M’
TonpP Pt [S(ixn + B ] 3
e Constraint part Ly = Nozmater — Ni g matter:
%mnatter WT Vn n %matter — _\/,)77-"’ nv
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Reduction of the Field Part and Result

@ Transition to (generalized) Newton-Wigner variables.

A o N 1.4 mp;nS;
= Lok =Aewyiwjod, g =5S;+ W

2
@ Spatial symmetric gauge (Kibble 1963): e(;; = € = ;i
ejek =gk = ©€j=1/0j
@ Definition of field momentum:
hon = 70+ 87AD§ 1+ 162B] A1 §
Ex[i€jk,0 = Bij 9ki,0

@ Result:

TN
W= / d*xali b+ [ ot [p,z + 5500 g
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Thank you for your attention!
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