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EOM for test-bodies with internal structure

0Pa
2 _0
ds
@ Geodesic equation: momentum p,,
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EOM for test-bodies with internal structure
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@ Geodesic equation: momentum p,,

@ Mathisson (1937), Papapetrou (1951):  spin / dipole S
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EOM for test-bodies with internal structure
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@ Geodesic equation: momentum p,,
@ Mathisson (1937), Papapetrou (1951):  spin / dipole S
@ Dixon (~1974): quadrupole J29, .
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EOM for test-bodies with internal structure
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@ Mathisson (1937), Papapetrou (1951):  spin / dipole S
@ Dixon (~1974): quadrupole J29, .

@ EOM for p, and S# follow from theory! T2., =0 ~» EOM
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EOM for test-bodies with internal structure

0Pa

ds

@ Geodesic equation:

1 1
=0 +§Rabcdub80d +évaRbcderCde + ..
5sab

_ zp[aub] *%R[acder]Cde + ..
6Jab0d B r? f) f)
7ds = . . .

momentum p,,

@ Mathisson (1937), Papapetrou (1951):  spin / dipole S

@ Dixon (~1974):

quadrupole Jad

@ EOM for p, and S# follow from theory! T2., =0 ~» EOM

Conserved Quantities:

e For a Killing vector field £2:  E; = p.£3 + 182V .6

@ Neglecting J2%9 etc.:
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mass m:=+/—p,p2 or m:= uép, (SSC dep.)
spin-length S = |/ 1S,,Sab
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of

E = Ea[,
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J = E_ag,
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roots of (p")2 = 0 for J = 4Mm, S =0, a= +0.9
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of
E:=E;, J:=E., m S, M, a andcoords.
We need 10 (independent) equations:

@ Definitions of {E, J, m, S} ~ 4 egs.

@ Spin supplementary condition (SSC): S%p, =0 ~ 3indep. egs.
@ Equatorial orbits (# = 7/2): p’ =0 ~ 1eq.

@ Aligned spin: S =0 ~ 2 indep. egs.

r [M]
roots of (p")2 = 0 for J = 4Mm, S =0, a= +0.9
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of
E:=E;, J:=E., m S, M, a andcoords.
We need 10 (independent) equations:

@ Definitions of {E, J, m, S} ~ 4 egs.
@ Spin supplementary condition (SSC): S%p, =0 ~ 3indep. egs.
@ Equatorial orbits (# = 7/2): p’ =0 ~ 1eq.
@ Aligned spin: S =0 ~ 2 indep. egs.
2
Solution for p”:
(T
1 \
(p')? = aE? + BE + v -
— 0 N
@ We must have (p")? > 0 h
@ roots of (p)2 = 0 important: I S
@ turning points L
e circular orbits 1 2 3 4 5 6 7 8

r [M]
roots of (p")2 = 0 for J = 4Mm, S =0, a= +0.9
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of
E:=E;, J:=E., m S, M, a andcoords.
We need 10 (independent) equations:

@ Definitions of {E, J, m, S} ~ 4 egs.

@ Spin supplementary condition (SSC): S%p, =0 ~ 3indep. egs.
@ Equatorial orbits (# = 7/2): p’ =0 ~ 1eq.

@ Aligned spin: S =0 ~ 2 indep. egs.

Solution for p”:

1
(') = aE? + BE + . f
Z 0
53]

@ We must have (p")? > 0

@ roots of (p")? = 0 important:

@ turning points L

e circular orbits 1 2 3 4 5 6 7 8
r (Ml

roots of (p")2 = 0forJ =4Mm, S=0,a=0
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of
E:=E;, J:=E., m S, M, a andcoords.
We need 10 (independent) equations:

@ Definitions of {E, J, m, S} ~ 4 egs.

@ Spin supplementary condition (SSC): S%p, =0 ~ 3indep. egs.
@ Equatorial orbits (# = 7/2): p’ =0 ~ 1eq.

@ Aligned spin: S =0 ~ 2 indep. egs.

Solution for p”:

(p")? = aE? + BE + v

H
= 0
@ We must have (p")? > 0 h
@ roots of (p)2 = 0 important: -
@ turning points L
e circular orbits 1 2 3 4 5 6 7 8

roots of (p")2 = 0 for J = 4Mm, S=0,a= —0.9
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Effective potential for Kerr background

We want to solve for p? and S (10 DOF) in terms of
E:=E;, J:=E., m S, M, a andcoords.
We need 10 (independent) equations:

@ Definitions of {E, J, m, S} ~ 4 egs.
@ Spin supplementary condition (SSC): S%p, =0 ~ 3indep. egs.
@ Equatorial orbits (# = 7/2): p’=0 ~ 1 eq.
@ Aligned spin: S =0 ~ 2 indep. egs.
1.00
Solution for p': 099
(pr)ZZOtEZJr,BEJr’y ﬁo.es
— 0.97
@ We must have (p")2 > 0 = s
@ roots of (p")? = 0 important: -
e turning points -
e circular orbits ' 5 10 15 2

r[M]
upper root of (p")2 = 0 for J = 4Mm, S=0,a=0
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The quadrupole model inspired by EFT/PN

see e.g. arXiv:0804.0260, hep-th/0511133, arXiv:0911.5041

CES2 20’2

1 M2
Ry = pu — —BapS?u,S® — > EaS% S% — TEEE® - B,B¥*
M= K wu ab c 408 ab 3.3 ab
SSC preserving deformation due to spin tidal deformations
Eab = RacbaU°U®  Bap = SeaecaRpr®™uU’ S = 1e®upSey U = /uU,pu?

@ {u, Cese, ug, 02}: constants, matched to single object
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The quadrupole model inspired by EFT/PN

see e.g. arXiv:0804.0260, hep-th/0511133, arXiv:0911.5041

1 CEsz M2 202
Ry = pu — —BapS?u,S® — > EaS% S% — TEEE® - B,B¥*
HE =g P e 4.8 2 3u8
SSC preserving deformation due to spin tidal deformations
c,,d 1 cd, e, f a 1 abcd
Eap = Rachqu®U®  Bap = 5€aeca RprU°U’ §% = UpScd U = +/Ual®

@ {u, Cese, ug, 02}: constants, matched to single object
@ Connection to Dixon’s EOM:  Bailey, Israel (1975)
ORy

Jabcd -6
0 Rabcd
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The quadrupole model inspired by EFT/PN

see e.g. arXiv:0804.0260, hep-th/0511133, arXiv:0911.5041

1 C 20
Ry = pu — ﬁBabSaUcSCb £ E pS%S% 4#53 EapE™ — 3u2 B +

SSC preserving deformation due to spin tidal deformations

Eab = RacbaU°U®  Bap = SeaecaRpr®™uU’ S = 1e®upSey U = /uU,pu?
@ {u, Cese, ug, 02}: constants, matched to single object
@ Connection to Dixon’s EOM:  Bailey, Israel (1975)

O0Ry

Jabcd -6
0 Rabcd

@ Multipole counting scheme ~»  we neglect O (€3):

op? i
— 0y _ pa _ 1y _ qab _ 2\ __ jabcd
w=0(€)=p? ds—O(e)—S T ds =0(e)=J
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The quadrupole model inspired by EFT/PN

see e.g. arXiv:0804.0260, hep-th/0511133, arXiv:0911.5041

RM = uU — ﬁBabSaUcSCb CES2 E Sa Scb M2 EabEab 232

SSC preserving deformation due to spin tidal deformations

Eab = RacbaU°U®  Bap = SeaecaRpr®™uU’ S = 1e®upSey U = /uU,pu?
@ {u, Cese, ug, 02}: constants, matched to single object
@ Connection to Dixon’s EOM:  Bailey, Israel (1975)

ORy

Jabcd -6
0 Rabcd

@ Multipole counting scheme ~»  we neglect O (€3):

op? i
— 0y _ pa _ 1y _ qab _ 2\ __ jabcd
w=0(€)=p? ds—O(e)—S T ds =0(e)=J

Effective potential still valid . ..

..butnow m(r) = p+ ... (u is constant by assumption)
spin length S is constant due to a symmetry of the action
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Dimensionless parameters

@ Spin of the central black hole:  a; := %, |a] <1

@ Spin of the test-body: & :=
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Dimensionless parameters

@ Spin of the central black hole:  a; := %, |a] <1

@ Spin of the test-body: & := 52 &

@ Cgs is already dimensionless
@ Tidal deformation parameters:  (test-body radius R)

o 3,1142 L 4802

oo BT R
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Dimensionless parameters

@ Spin of the central black hole: &y := —, |&| <1

@ Spin of the test-body: &, := 52 |

@ Cgs is already dimensionless
@ Tidal deformation parameters:  (test-body radius R)

<K

>

b <1

. 3,u2 . 4802

oo BT R
@ Dimensionless radii: R := E poo L
I M

@ Massratio: q:= %
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Dimensionless parameters

@ Spin of the central black hole: &y :=

@ Spin of the test-body: &, := 52 |

@ Cgs is already dimensionless
@ Tidal deformation parameters:  (test-body radius R)

o 3,u2 L 4802

. la] <

<K

>

b <1

e =om BT R
@ Dimensionless radii: R := E po— L
I M
- 1%
M : =
@ Massratio: q i
& Cee ke Jo R
black hole <1 1 0 0 2
neutronstar <03 ~5 ~01 ~-002 ~5..7
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Results for Schwarzschild background

1072

@ Binding energy:
e(t,)=E/u—1

1074F

@ Circular orbits ~ 7 ~ e(J) 2105}
@ Orbital angular momentum: 070
1 7L

b= (J—8) ~ elk) 1o
107°% ¢
1079

— self—force

— linear test—spin _1
— quadratic test—spin a= 10
J— Esz—quadrupole

10-3F

3.5 4.0 4.5

5.0 5.5 6.0
le

spin effects for & =1, Cgge = 1
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Results for Schwarzschild background

— self—force

— linear test—spin _1
— quadratic test—spin a= 10
J— Esz—quadrupole

o WS
@ Binding energy: - ]
e(F,J) = E/u—1 o
@ Circular orbits ~ 7 ~ e(J) 2 10°
@ Orbital angular momentum: 4100
b= w:(J = S) ~ e(k) o
1079 ‘ ‘ ‘ ‘ .
3.5 4.0 4.5 5.0 5.5 6.0
le
spin effects for & =1, Cgge = 1
@ Taylor-expansion: e(ls) = eo(le) + e e1(le) + € ea(le) + ...
@ Scaling: e x qap, e’ x —qP22, 620582 o« —Cps2 G283
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Results for Schwarzschild background

— self—force

— linear test—spin _1
— quadratic test—spin q= 100
J— Esz—quadrupole

1072 ‘ ‘ ‘ ‘ ]
@ Binding energy: 103 \
e(F,J) = E/pu — 1 ol ,
@ Circular orbits ~ 7 ~ e(J) 2 10°%
@ Orbital angular momentum: 4100
le=11:(J=8) ~ e(k) 132
1079 ‘ ‘ ‘ ‘ .
3.5 4.0 4.5 5.0 5.5 6.0
le
spin effects for & =1, Cgge = 1
@ Taylor-expansion: e(ls) = eo(le) + e e1(le) + € ea(le) + ...
@ Scaling: e x qap, e’ x —qP22, 620582 o« —Cps2 G283
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Results for Schwarzschild background

@ Binding energy:
e(t,)=E/u—1

1072}
1073 F

1074

— self—force
— linear test—spin 1

— quadratic test—spin q 1000
J— Esz—quadrupole

-~

@ Circular orbits ~ 7 ~ e(J) 5 105}
@ Orbital angular momentum: 21070
1 -7
o= (I~ S) ~ elk) 0
107°% ¢
1079 ‘ ‘ ‘ ‘ :
3.5 4.0 4.5 5.0 5.5 6.0
le
spin effects for & =1, Cgge = 1
@ Taylor-expansion: e(le) = eo(lc) + eer(le) + e ex(le) + ...
. A 2 A C, A
@ Scaling: e x qap, es x —q?&, 6,5 o —Crse QP&
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Results for Kerr background

tidal effects for neutron stars and mass ratio q = 51—0
(ko = 0.1, p = —0.01, R =5)

1075 : : : ; ,
1076 e
1077 —a1=0
U — =07 B
g 107 — =1 £
a 10710 a
10—11
1012
10713
2 3 4 5 6 2 3 4 5 6
Ie le
gravito-electric tidal effects gravito-magnetic tidal effects
e Scaling: e x —kq*R® e o pg*R®
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Results for Kerr background

tidal effects for neutron stars and mass ratio q = 51—0
(ko = 0.1, p = —0.01, R =5)

1075 . : : : :
1076 e
1077 —a1=0
U — =07 B
£ 10 — =1 g
a 10710 a
10—11
1012
10713
2 3 s 5 6 2 3 x 5 5
Ie le
gravito-electric tidal effects gravito-magnetic tidal effects
@ Scaling: €} o —koq* RO e x pq*R°

@ For a; = 1 circular orbits are possible at the horizon!
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Results for Kerr background

tidal effects for neutron stars and mass ratio q = 51—0
(ko = 0.1, p = —0.01, R =5)

1075
1076 e
1077 —a1=0
U — =07 B
£ 10 — =1 g
a 10710 a
10—11
1012
10713
2 3 s 5 6 2 3 x 5 5
Ie le
gravito-electric tidal effects gravito-magnetic tidal effects
@ Scaling: €} o —koq* RO e x pq*R°
@ For a; = 1 circular orbits are possible at the horizon!
ko
@ Limit due to tidal disruption: ol < k—; ~ 1072
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Conclusions & Outlook

@ Established connection between PN models and Dixon

@ We identified relevance of some contributions due to the internal structure
@ Spin-induced quadrupole effects scale like second-order self-force (~ g2)
@ Gauge invariant e(/;): comparison with PN possible, also matching (EFT)
@ Extension to comparable masses?

@ Hamiltonian for generic orbits and spin orientations?
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