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0 Aspects of the ADM Formalism
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(3+1)-Decomposition

@ Decomposition of the field equations:
o Constraint equations:
1
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e Evolution equations:
Yio = 2Ny 2 (m— 3y + Nij+ Ny,
”ij,o = _N\[Y(Rij - %?’”R) + 1ZN?’Am?’”(”’”””mn - 1z(?’mnﬂmn)z)
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@ Source terms are related to the stress-energy tensor T#" by:
_ypmatter — VT Ty ntpv
%matter = /7Tiyn"
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ADM Canonical Formalism

@ Gauge independent Hamiltonian:

HIx%, pai, v, ©] = /d3X(N«%” — N'4) + E[y;]

1
Eln) = 4 § 9S00~ )

@ Hamiltonian in ADMTT gauge (ADM Hamiltonian)
= ADM energy depending on canonical variables:

. . 1
Hapm = E[Xéapai’h}Taﬂ'?T] = —m/dSXA(])
1 4
Vi = (1 + 8¢> 5/j—|—h;-;T

@ Matter only Hamiltonian: Elimination of h;T and il
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e Hamiltonians from Tulczyjew’s Stress-Energy Tensor

Jan Steinhoff (FSU Jena) Canonical Formulation of Spin March 17th, 2009 6/20



Spinin GR

@ Stress-energy tensor density in covariant SSC, S*Vu, = 0:

v—g T :/dT [mu“u"6(4)—(S“(“uv)6(4))”a
84) = 6(x—q(7))
@ EOM follow from T#) =0:

v
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Identification of Canonical Variables

o Calculate sz
cyi/pimatter — _\/77-;‘/ nv

@ Define canonical momentum p; as:
= / dOx e
@ Define spin S,-,- = €j(k)€j(1)EximS(m) such that S2 = const. and
Jy=2'py = 2pi-+ EmS(my = [ XA e

@ Go over to canonical position variable z by a Lie shift
(such that one has the Newton-Wigner SSC in flat space).
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NLO Spin-Orbit Hamiltonian

First derived: Damour, Jaranowski, and Schafer (2008)
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NLO Spin{-Spin, Hamiltonian

NLO _ 1
S1S, —

2mmard) [3((P1 xS1)-n12)((P2 x S2)-N12) + 5(S1-S2)(P1 - P2)

+6((P2 x S1)-N12)((P1 x S2)-N12) — 3(S1-P2)(S2-P1)

—15(81-n12)(S2-n12)(p1-N12)(P2-N12) +(S1-p1)(S2-P2)
—3(S1-n12)(S2-N12)(P1-P2) +3(S1-P2)(S2-N12)(P1 - N12)
+3(S2-p1)(S1-Nn12)(P2-N12) +3(S1-P1)(S2-N12)(P2-N12)
+3(S2-p2)(S1-n12)(P1-N12) —3(S1-S2)(P1 - N12)(P2 - N12)]

+ ﬁ[—((m % S1)-N12)((P1 % S2)-Ny2)

+(81-82)(P1-n12)2 — (S1-n12)(S2-p1)(P1-N12)]

m[-((r’z % S5)-N12)((P2 X S1) - Ny2)
+(S1-S2)(P2-N12)® — (S2-N12)(S1 - P2) (P2 N12)]
er[(s1 -Sp) — 2(S1 -N12)(S2-N12)]
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NLO Center of Mass
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= Poincaré algebra is fulfilled.
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e Higher Orders in Spin and the NLO S% Hamiltonian
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Global Poincaré Invariance

The algebra of global Poincaré invariance reads

{PiaF,j'}:()? {Pi7H}:07 {Ji)H}:oa

{Ji.P;} = &Pk, {JiJi} = gk, {Ji, Gj} = €k G,

{Gj, P} = Hdj, {G,H} =P, {Gi, G} = —¢€jidk,
with

Pi=Ypai: =Y [ewzhoa+Sap)
a

a
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Hamiltonians from the Poincaré Algebra

Hergt and Schéfer (2008)

The full Hamiltonian up to 2PN enters the Poincaré algebra:

H = Hn+ Hipn+ Hopn + ng(P)N—l- HggN +Hge + HS3p+ Hszpz +Hgs

@ Source terms in canonical variables sufficient for Hgz s, ., Hsgp,
Kerr-metric in ADM coordinates (HS 2007).

© Ansatzes for Hsee, Hszpe, Hsap, s Hsgp,r Hszs,p,» Hszs,p,» Hss: and
Hsg are fixed up to canonical transformation by {G;, H} = P;.

@ The static (linear momentum independent) part of the Hamilton
constraint is needed to fix these remaining degrees of freedom.
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The Stress-Energy Tensor with Quadrupole

@ Stress-energy tensor density with quadrupole has the structure:
V=gTH = /df [f’”5(4) + (Y% 8a)) 1o+ (4 8a))

@ Getting expressions for the t*V- from T“‘Tv =0:

o Dixon’s work: Complicated definitions.
o Tulczyjew’s theorems: Complicated calculation.
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Ansatz for the Static Source Terms

ypmatter In11 <I{j§1> y RU[’/51 + S2 (7/’/51) %RS%&

S2, static
1
ngn}’pqu/ﬂ'p}’"gsszwl&
1 ; P
am. (lemnyk,m& InS1jk51)’i
@ This ansatz is 3-dim. covariant, as p; is not:

1 A ~
D = /dSX%matter = mv,— égijj/m'}'k/,msk/ + ﬁ(pz) + ﬁ(SZ)

e Terms like I/ 8 or I8, can not appear.

e y; for Kerr = ¢y = — 3.

@ N for Kerr = ¢, = 0.

@ c3 and ¢4 do not contribute to the Hamiltonian.
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NLO Spin{-Spiny Hamiltonian

1 [ mo 3m
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@ Higher Post-Newtonian Orders
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Higher Post-Newtonian Orders
with Han Wang, unpublished

@ Need spin corrections to canonical field momentum:
Man = fiijeld + ”gpin )
7rfiije;|d = _ﬂ(fkyjl - ?/jykl)KkI-
such that:
P = ;pai - 167/0'3)( ﬂé(ela?hm

i
@ Choose g,

Jj =Y (2kpaj — Zbpai) + Y Satiyi
E a
1 j ]
- [ @ (T, - XA
1 i L
+2 / o3 x (KT T — T HET

@ Got Hamiltonian for field evolution at formal 3.5PN.
@ Checked 1PN energy flux (Kidder 1995).
@ Formal 3PN order? Extension to S3?
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Thank you for your attention!
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