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@ 'ntroduction
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(3+1)-Decomposition

@ Normal vector:
n#:(—N,O,()’O)’ n#:%(‘I,—NI’), nun“:—1

@ Projector:

00 :
?’”VZQ“VJrn“nV:(O V")’ 9 =%, vY'=3§

@ Extrinsic curvature:
Kij = —nj

o = AP PP
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Point-Mass Action in ADM Form

W= / dtpiz + / d*x [n'/y,,o—N%jLN%jL(st)}

@ Constraint equations:

- = ! 1 il ? i ik ol wpmatter
0=7="6xym |:YR+2 (?’u” ) Yy nl | +
1 ‘k .
0= % = 8—71:')/’-]-7[] K +ﬁ/ﬂimatter

@ Source terms are related to the stress-energy tensor THV:

AN = ATuntn’ = \/m2+yipip; §

%matter = _\ﬁ/Tivn — ,0,5
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ADM Canonical Formalism

@ Hamiltonian without gauge fixing:

HIx%, pai, v, ©] = /d3X(N«%” — N'4) + E[y;]

1
Eln) = 4 § 9S00~ )

@ ADM Hamiltonian (Hamiltonian in ADMTT gauge)
= ADM Energy depending on canonical variables:

. ) 1
Haow = Elxg par T ] = — g [ oPxso
1 \* )
%j:(1+8¢> 5,'/‘—|-h;-}T , ©"=0

@ Matter only Hamiltonian: Elimination of h;T and il
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Spin in Special Relativity

fast & heavy @ Different mass centers.
@ Spin is a 4-tensor S*V:
e Spinis S¥ = ¢glks,.
e Mass dipole related to S™.
@ Need spin supplementary condition:
o Maller SSC: 540 =0
e Covariant SSC: S*Vp, =0
o Newton-Wigner (canonical) SSC:
mSH0 4+ SHvp, =0
@ In covariant SSC, with position z:
{Zi(t),zj(t)} — g _ M’

m2 m2 pO

slow & light

@ In Newton-Wigner SSC:
{2'(1),p(1)} = 85, {8i(1), Si(t)} = e Si(t) sHize
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9 Action Approach
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Non-Relativistic Spherical Top

o Body fixed coordinates X:  xi(t) = Ri(t)%, RuRij = §;
@ Independent angle variables: R = Rj(¢, vy, 0)

@ Angular velocity tensor:  QF = gk = Ry; Ry

@ Lagrangian: L= 1JQIQ0

. . aL
@ Spintensor: S;= 2&9’! =JQi
@ Legendre transformed:
1 i 1
L= ES,-,-Q’/ —H[R;, S5, H= @S,-,-S,-j

@ Trick: Use 66;; = —66; = Ry 6 Ry; as independent variations.
@ Usual Poisson brackets.
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Relativistic Spherical Top

@ No rigid bodies.
@ Mathematical abstraction: Top is
o Worldline with Lorentz-matrix Agy.  nBAguAgy = Nuy

@ Mgy is pure rotation in rest-frame: Ay, = ( 0 )

0 R;
@ Equivalent description: Ay, = pu/m or Alltp, =0
d/\Av
@ Angular velocity tensor: Q*Y = A4 e
, _ aL
@ Spin tensor: Sy = ZW

@ Associated SSC: S;,p"* =0
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Minimal Coupling

@ Problem with metric variation:  (also Ag, = eay)
ANy =guv < [ wla=20u

@ Variate A and tetrad e4,, A%, = AM3ey,:
MaNs=Nab < [YaWla=2Na

@ Matter Lagrangian density and constraints:

1
fM:/dT |:pﬂu“+288b9ab 5(4)

dNAP ab

Q% = Ap* = — 0, U
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Result of Variation

@ Approximated linear in spin.
@ Field equations with stress-energy tensor (Mathisson, Tulczyjew):

v—3g ™ :/d’L' [mU”UV5(4) —(S“(“uv)6(4))“a
@ EOM (Mathisson, Papapetrou):

DS* Dpy 1 ay .y
ar % g =25 U Rum

@ Derivation: Evaluate T“lTv = 0 with ansatz

V—gTH = /d‘L’ |:t“v6(4) +(tuva5(4))”a
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Reduction of the Matter Part

@ Solve matter constraints, Schwinger time gauge €, = 1y, T=t.
@ Variable redefinitions:

S nSi -
zZ'=3_ e’ np=—/m?+vYipp

& inS; nS; =
S/j:S/j* Pino; + pinoi , nSisz
m-—np m-—np m
- 0) s
00) = A0 (5 PP -y = 1, TPUNS)
A A <5k/+ m(m—np))’ Yk YA 28,,4_ Ao(m = o)
1 nS;
b=+ At - 5+ 200 )

@ Matter Lagrangian density now, with (00 = Ajq(DA AKIO),

XM:Aije(k)i (k )5—1—,0,25—1— S L N0 § — Nymatter | Nl%matter
.
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ADM Formalism with Spin

@ Legendre transformation for gravitational field.
@ Spatial symmetric gauge (Kibble 1963): e(jy; = ; = ;i
ejiek ="k = (&j)=1/(¥)
@ Action:
1 4 i L 1. n g
W= @/d Xﬂlj’}/,'j7o —i—/dt [p,-z’—i— §S(i)(f)Q(l)(j) — H:|
H= / d®x(NA# — N' )+ Ely;]
@ Canonical field momentum:

Al =l 1 8xADS + 167B8] AKIS
ki

ex[i€jk.0 = By Y0 SSuE
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Full Reduction

@ Solve field constraints in ADMTT gauge.
@ Fully reduced action:

W= 16 /d4 Al hlj0+/dt [p,Z + = S,)(j)Q ) — HADM:|

HADM = E[Z ’phs(l)( )7h/j ) IITT]

@ Fundamental equal-time Poisson brackets:

(25 Pait = 85, {Sa0iy Sagy} = €iieSah)
{hjT(x, 1), A5 (X, 1)} = 1675 W 5(x — ')

@ Valid to all orders linear in spin.
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Conserved Quantities

@ Energy: E = Hapm
@ Total linear and angular momentum

Pi = Zpa/ T6n /d3 i
Jj= ; 20Daj — 2LPai) + Z Sai))
-11@ [ x (T — X # BT
<6 [ xR — A HT)

@ Boost: JO=Ki =G —tP!
With center-of-mass vector:

G = 1(137r/d3xx’A¢
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Stress-Energy-Tensor Algebra (Minkowski)

}: _jﬁm(x)&x’,i—t%ﬂim(xl)sxx’,i
{7 (x), A" (X' )} = =A™ (X) Sxxri — Tij(X') Oxx
}

Pk Sin iy (Pq) 5k/Pk~A9/(qg”/)(iPn)

hinjg(X) = | = Sqy(nZiyj — & (np)(m— np) (np)(m— np)
pip;
32,/ = 5,] - W

%m(x) — TOO, %m(x) — TOi

@ Local version of the Poincaré algerbra.
@ Minkowski limit of the gravitational constraint algebra.
@ Dirac field also has hjnjq(x) # 0.
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e Order-by-Order Construction
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Order-by-Order Construction

@ Hamiltonian = energy depending on canonical variables.
@ Need to find canonical variables!
@ Symmetries of the action:

Pi = Z,bai + Plf,ield , Ji = Z |:8ijk2£i)ak + Sa(/)] 4 J}field
a a

@ Global Poincaré algebra:

{P;,P;} =0, {Pi,H} =0, {Ji,H} =0
{i.Pi} =€uPr,  {JdJi} =g, {Ji,Gj} = €jxGk
{Gi, Pj} = Hgj, {Gi,H} = P;, {Gi, G} = —gjiJ
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Canonical Variables at 2PN

o Calculate sz
%matter \/77-“/”

@ Define canonical momentum p; as:
i\)i — / d3x %matter

@ Define spin S,'j = €ik) ej(,)ek,mé(m) such that §2 = const.
@ Z and e fixed by

Jj=2'0j— 2pi + €jmS(m) = / P (x! gmater — xI ygmatter)
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e Results linear in spin
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Leading-Order (LO)

@ LO Spin-Orbit Hamiltonian:

3my . A
ZZAQ Sax fizp ‘[ZmZPa 2pb]

a bzalab

@ LO Spin{-Spin, Hamiltonian:

3132 ZZ A3 [ Sa'ﬁab)(éb'ﬁab)_(éa'éb)]
a b;éa

@ Center of mass vector:

1 . A
GL%:ZTma(anSa), GS1SQ 0
a
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NLO Spin-Orbit

First derived: Damour, Jaranowski, and Schafer (2008)

HNLO _ ((B1x81)-rp) [5maPT  3(P1-P2)  3P3
2, 8m3 4am? - 4mym

+

3(p1-hy2)(P2-fi2) . 3(p2-f12)2
4m$ 2m1 mo

4 ((P2 x S1) - Ar) {(61 -P2) 4 3(p1 'ﬁ12)(ﬁ2'ﬁ12)}
?122 mymo mymo
n ((B1 xS1) B2) | 2(P2-f12)  3(B1-hi2)
?122 mqmo 4m12
_((B1x51)-fire) {11m2+5m§}
7y 2 m
1 ((P2xS1) fira) X;”'"‘Z) {6m1 + 15m2] +(1e2)
12
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NLO Spin{-Spins

Partial result: Porto and Rothstein (2006)

NLO _

S8, = S [3((B1 xS1)-Ar2)((P2 x S2) - Ar2) + 5(S1-S2)(P1 - B2)

2mymo

+6((B2 x S1) - A12)((B1 x S2) - Ar2) — 5(S1-P2)(S2 - B1)
2)(P1-A12) (B2 i) + (81 B1)(S2- B2
(S4 -ﬁ12)(-§'2'ﬁ )(fJ B2) +3(S1 - B2)(S2 - fir2) (P4 'ﬁ12
+3(82-P1)(S1-Ar2) (P2 - Ar2) +3(S1 - P1)(S2 - firz) (P2 - vz
+3(52-P2)(S1 - hr2)(Pr - firz) —3(S1 - S2)(Pr - Airz) (P2

S1)-A12)((P1 x S2) - Ar2)

-
()
> —
firg
=
=
N
~—
—
=>
v
—~

>
W
—_
—
—
>
=
X

+(81-82)(P1-A12)? — (81 -A12)(S2-P1) (1 - Ar2)]

+ [~ ((P2 x S2) - A12)((P2 x S1) - Arz)

e,

+(81-82)(P2-A12)® — (S2-A12)(S1 - P2) (P2 - fi12)] 7

+ AT (8. 85) - 2(8,; o) (82 )] Sty
P
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NLO Center of Mass

8m3
mg ~ A ~ 523+2b ~ ]
+ = S;)-h = -5 S
LT ameis (Bax82) i) 222 - 5(p, x )
FY Y o (B x8a)— (e < 8)(Po- e
ab7ga?ab2pb a) = 5(Nab X 5a)(Pp - Nap
. a\ s \2at2
(B 80) ) 2|
ab
Gss"= 5L L { 3(8a-fiap)(Sp-Aap) — (Sa-80)| 25" +(sb-nab)A2}
a b#a ab ab

= Poincaré algebra is fulfilled.
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e Higher orders in spin
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The Stress-Energy Tensor with Quadrupole

@ Ansatz:
V=gT" :/dr [tﬂv5(4)+(t“va5(4))||oc+(t“vaﬁ6(4))aﬁ]

@ Evaluate T“HVV =0:

D(S[JV) _ opnlu,,v] 4 (1 vlpBa
e =2ptu +§RpﬁaJ
Dp 1 1
T: - 7§Rﬂpﬁa“psﬁa - éRvaa:uJVpBa

1
V=g = / dt [u(“pv)5(4) + gR(gBaJ”PW%
2
+ (U 854 10— 5 (Y 84)) o)

@ Mass quadrupole [#V: JvrPBa — _3ylv pllB o] -
@ Spin-squared ansatz for /*V. v
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Hamiltonians from Kerr Metric and Poincaré Algebra

Hergt and Schéafer

Full Hamiltonian relevant for Poincaré algebra up to 2PN:

H = Hy + Hipn + Hopn + H3G" + Ha0" + Hge + Hssp + Hse e + Ha

@ Source terms in canonical variables sufficient for HS§S1p1’ Hsgm,
HS13p2, Hslz Sop’ Hsesz, Hs1_sg! and Hg, 3 were obtained from the
Kerr-metric in ADM coordinates.

° Ansatzeg for Hgz e, Hsgpg1 HS?M, Hsgpgv HS1232P" Hszs,p,» Hss» and
Hsg are fixed up to canonical transformation by {G;, H} = P;.

@ The p;-independent part of the Hamilton constraint is needed to fix
these remaining degrees of freedom and to get Hges2.
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Ansatz for p; = 0 Source Terms

C1 iia Co iia C3 an (i C4 naoa
ypmatter ( s ) ZCRiQVS + 22 ( /P ) —~ RS56
$Lp=0"m, @ ;ij+m1 i 1+m1$1 v :ij+m1 Sio

1 . ) A 1 ) A
+ ﬁgmm’p]?’qlﬂ'pﬂ(qsﬁj&k/& + am, (Vli/nnl”(l,m& InS1jk51)7l,
o oA >
Q! =YYy S St — 57”3%
@ 3-dim. covariant, as p; is not:
pi = pi— 29;; Yk S+

@ Terms like Qij, 31 or O”Sm can not appear.

@ Kerr metric = ¢; = —4 and ¢, = 0.
@ c3 and ¢4 do not contribute to the Hamiltonian.
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NLO Spin{-Spiny for Black Holes

1 [ m A \2 3m 3m o 2
no T [ me o 3my o . 24 3mp
He =3 {4m13 (P1 31) +8m;°’ (P1-fiy2)° 83 — 8m1 (S )
4m;1>, (p1 n12) (31 n12) (p S ) 4m1 m2P231
9 o/a 2 \2. 3 . . a
+WP2 (51‘n12> +m(P1'P2)S1

9 . /a2 N2 3 . . ap
- m(m -P2) (51 '"12) + 2 (P1-012) (P2 -fie2) S5

1
—;nzua fi2) (281 (812

- %(ﬁz-ﬁm) (fh ~§1) (§1 'ﬁ12)

1
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Thank you for your attention!
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