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0 Introduction
@ Spinning objects in SR and GR
@ ADM Canonical Formalism
@ Global Poincaré Invariance
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Frame-Dependence of Center and Spin in SR

fast & h o i i i [
ast & heavy @ Spinning object moving with velocity v.

@ Shall have constant density in rest frame.
@ Upper hemisphere faster than lower.

@ Upper hemisphere more massive than
lower.

@ Center of mass displaced by Ax.
slow & light @ Spin depends on location of center.

@ Description by means of a 4-tensor S*V:
e Spinis S¥ = ¢glks,. '
e Mass dipole related to SY.
@ Spin supplementary condition (SSC) fixates S in terms of SY.

Py
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SSC in SR

@ Usefull SSCs are, with mass m and 4-momentum p, = muy,:

e Mpgller SSC: 8% =0
o Fokker-Synge-Pryce (covariant) SSC: §#Vp, =0
e Newton-Wigner (canonical) SSC: mS% — S#Vp, =0
@ Canonical structure depends on SSC, and can be complicated.
@ In covariant SSC, with position z:
. ) Si ig0 _ i QOi
(20,2 = 25 PSP

@ In Newton-Wigner SSC:
{2'(0.p(t)} = 8. {Si(1), (1)} = e Si(t)

{8%,..}=0 = §&%=const.
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Spinin GR

@ We restrict to linear order in spin for now:

o No deformation by spin or tidal forces included.
@ Linear order is universal.

@ Stress-Energy Tensor in covariant SSC:

\/—7g T :/df [mU”UV5(4)—(Sa(“UV)5(4))Ha
Suy=8(x—2), 5=5(x—2)

@ EOM follow from T”“"v =0:
Ds*v Dou 1 aav, oy
gr =0 gr ~25 U Rum

@ Various actions are known (more later).
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Perturbative Solution of Partial Differential Equations

Example:
@ Af(x) = a(x)+ b(x)f(x) + c(X)[f(x)]? +
@ In general: vectors, other diff. op., derivatives on RHS, ...
@ Perturbative expansion, e.g. a= a1y +ap) + 4@y + .-
@ Leads to recursive equations:

Afi1)(x) = ag1)(x)

Af)(X) = ag2)(X) + byry (X)f1y (%)

Afiz)(X) = az)(X) + b1y (X)f2) (X) + b2y (X) fr1)(X)
+ ¢y () [y ()P

@ Delta sources = Regularization, e.g., calculate in d dimensions.
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(3+1)-Decomposition: Metric

@ Decomposition of the metric:

_( N'IN;—N2 N, o_ 1
Guv = N/ Yi 9= N2

@ Normal vector of the 3-dim. hypersurfaces:
ny, =(—N.,0,0,0)
@ Exterior curvature of the 3-dim. hypersurfaces:

Kj = —ngy = —Nr)

! = — Y =Y ) K
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(3+1)-Decomposition: Field Equations

@ Decomposition of the field equations:
o Constraint equations:
1

O =_ Rt (Yun,ij>2 — yygrill | 4 ppmater
16m,/7 2\ ¥

_ 1k . omatt
O:f%pizgyijnl;k‘FJﬁma er

e Evolution equations:
Yio = 2Ny 2 (m— 3y + Nij+ Ny,
”ij,o = _N\[Y(Rij - %?’”R) + 1ZN?’Am?’”(”’”””mn - 1z(?’mnﬂmn)z)
— 2Ny 2y ™Y — Ly ™) + YN — N )
+ (TN = Ny t™ — Ny e™ 4+ SNY™Y 3 T
@ Source terms are related to the stress-energy tensor T#" by:
_ypmatter — VT Ty ntpv
AN = AT i)
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ADM Canonical Formalism

@ Gauge independent Hamiltonian:

HUX. par 7] = [ Px(NA = N 587) + Ely]

1
Ely]l = @fdzsi(%j}j —Yj.i)

@ Hamiltonian in ADMTT gauge (ADM Hamiltonian)
= ADM Energy depending on canonical variables:

. ) 1
TT 3
Hapm = E[Xévpahhij 771#T] = —@/d XA¢
1\
Y= (1+8¢> 8+ hj'

@ Matter only Hamiltonian: Elimination of h;T and #l- by solving the
evolution equations. S
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Global Poincaré Invariance: Generators

@ Global Poincaré group is a consequence of asymptotic flatness.
@ (3+1)-decomposition of P* and J*V:
e Energy: E=P°
Momentum: P’
Angular momentum: J' = JelkJ
Boost: JO =K' =G — tP’
Center of mass: X' = G//E

e P, Jj, Eand G’ in ADMTT gauge (2PN):

Pi — / d3x jépimatter JU _ / d3x ( Xi t%?matter o Xj %matter)
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Global Poincaré Invariance: Algebra

@ The algebra of global Poincaré invariance reads

{P;,P;} =0, {Pi,H} =0, {JH} =0,
{Ji P} =ePr, {J.Jj} =¢gpudk, {J.Gj} = w G,
{G,‘,ID]'}:H(S,", {vaH}:Ph {Giqu}:_gijk‘jk7

@ Fundamental equal-time Poisson brackets:

{2‘27 Paj} = 9j, {88(1)7 /)} = Sljksa(k
{hj"(x,1), 7T (X', 1)} = 1675] '8 (x - X),

@ |t must hold:

Pi=Y Pa: =L |enaPar+Sap)
a

a
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e Hamiltonians from the Stress-Energy Tensor
@ Stress-Energy Tensor in Canonical Variables
@ Results
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Identification of Canonical Variables

@ Calculate sz;mer:
%matter — _\/?Tiv nv

@ Define canonical momentum P; as:
P = / dPx e
o Define spin S; = e €j())&kimS(m) such that S? = const. and
Jj = 2P — 2P + £ Sy = / oPx (X1 omanes _ xd ymaver)

@ Go over to canonical position variable z by a Lie shift
(such that one has the Newton-Wigner SSC in flat space).
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The Leading-Order (LO) in Spin

@ LO Spin-Orbit Hamiltonian:
HS =Y ¥ 5 (SaxNa)- | oop,—2p
SO 2 a ab 2m, a b
@ LO Spiny-Spin, Hamiltonian:

Hss =YY o 3 [3(Sa-Nap)(Sp-Nap) — (Sa-Sp)]
a b#a

@ Center of mass vector:

— 1 LO _
_gr%(PaXSa), Gss—o
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NLO Spin-Orbit Hamiltonian

First derived: Damour, Jaranowski, and Schafer (2008)

pNLo _ ((P1xS4)-ni) 5meP?  3(P;-Py)  3P3
sO r2, 8m3 4m? 4mymy

n 3(P1-n12)(P2-nqp) n 3(P2 nyp)?
>
4m1 2m1 mo

o ((P2xS4)-nyz) {(P1 P2) |, 3(Py -n12)(P2-n12)}

r122 mymo mymo
. ((P1x81)-P2) [2(P2-n12) 3(P1-ny2)
rf mymy 4mg
_((P1><S1)-n12) 11m2+5m§
i 2 m
P> xS¢)-n 15m.
4 ((P2xS1)-Mi2) 2Xr3‘) 12) {6m1+ 2]+(1 & 2)
12
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NLO Spin{-Spin, Hamiltonian

Partial result: Porto and Rothstein (2006)

|
NLO _ 3 1
Hss, = 2mmrS, [5((P1xS1)-n12)((P2 X S2) -Ny2) + 5(S1-S2)(P1 - P2)

+6((P2 xS1)-n12)((P1 xS2) - Ny2) — 3(S1-P2)(S2-Py)
—15(81-n12)(S2-n12)(P1 -n12)(P2-n12) +(S1-P1)(S2 - P2)
—3(S1-n12)(S2-n12)(P1-P2) +3(S1-P2)(S2-n12)(P1 - ny2)
+3(S2-P1)(S1-n12)(P2-n12) +3(S1-P1)(S2-n12)(P2-ny2)
+3(S2-P2)(S1-n12)(P1-n12) —3(S1-S2)(P1-n12)(P2-ny2)]
((P1x81) - n12)((P1 xSz)-nq2)

2.3 [~
2m3ry,

+(81-82)(P1-n12)2 — (S1-Nn12)(S2 - P1)(Py -ny2)]

o (P2 xS2) ni2)((Po x §1) i)

2m3ri,
+(S1-82)(P2-n12)? — (S2 - N12)(S1 - P2)(P2-ny2)]
+ ML) (s, 85 - 2(81-e2)(S2 )] S
r12 =
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NLO Center of Mass

NLOi Z 3 PaXSa

a ©lM3
+
YL

FE T L (3 x50 Jnus x S2)(Po )
a p#a'ab

52,42

ab

(PaxS0) 1) -5(Pax )|

Fab

- ((Pa X Sa) ) nab)za+2b}

ap

1 z S
GY°=2Y Y ¢ [3(Sa Nab)(Sb-Nab) — (Sa-Sp)] o +(Sb-Nap)
2 a rab rab

= Poincaré algebra is fulfilled.
S
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© Hamiltonians from the Poincaré Algebra
@ The Stress-Energy Tensor with Quadrupole
@ The NLO S? Hamiltonian
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Hamiltonians from the Poincaré Algebra

Hergt and Schéfer (2008)

The full Hamiltonian up to 2PN enters the Poincaré algebra:

H = Hn+ Hipn+ Hopn + ng(P)N—l- HggN +Hge + HS3p+ Hszpz +Hgs

@ Source terms in canonical variables sufficient for Hgz s, ., Hsgp,
Kerr-metric in ADM coordinates (HS 2007).

© Ansatzes for Hsee, Hszpe, Hsap, s Hsgp,r Hszs,p,» Hszs,p,» Hss: and
Hsg are fixed up to canonical transformation by {G;, H} = P;.

@ The static (linear momentum independent) part of the Hamilton
constraint is needed to fix these remaining degrees of freedom:

Sl 3 [T o
= g‘ =
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The Stress-Energy Tensor with Quadrupole

with D. Puetzfeld, arXiv:0909.3756

@ Stress-energy tensor density with quadrupole has the structure:
\/—gT“V = /dT [1’“‘/5(4) + (tuva5(4))”a + (t“vaﬁ5(4))Haﬁ

@ Getting expressions for the t*V- from T“HVv =0:

e Dixon’s work: Complicated definitions.
o Tulczyjew’s theorems: Complicated calculation.
@ Left to do (unpublished):
o Relate quadrupole expressmns to the quantity
U = Vlij/YmnS1 kmS1nI +3 3 17”
° Perform the (3+1)-split.
o Identify canonical variables. . .
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Ansatz for the Static Source Terms

matter  __ ﬂ i 2 i & 2 (i ﬁ 5
‘%asﬁ,static ~m <l1 61);ij+ m; Rijli61 + m S3 (YI 51);’,],4- m RS7 64
1 : ; ” o
+ %an?’p/ YY" 45151k
1 . o
*amn <J’UYmn7kl,m31/nS1jk51)

@ This ansatz is 3-dim. covariant, as P; is not:

N

1 -
P; = /d3x=%”,-maner =pi— Egijylmyk/,mskl +...

@ Terms like /] , 8 or I8 can not appear.

o yjforKerr = ¢ = 1.
@ Lapse function for Kerr = ¢, = 0. ) ]
@ ¢;3 and ¢4 do not contribute to the Hamiltonian. =
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NLO Spin{-Spiny Hamiltonian

1
HALO {4 T (Py$1) 4 om2 5 (P18t TP (S o)

3 3
~am (P1 ny2)(S1-nqy2)(Py- 51)—mpg 7

9 3
* G P2 (81 m2) + a2 (P P2)SE

4m 2(P1 P2)(S1-ny2)? +7(P1 n1) (P2 n12) S
1

~om 2(P1 Ni2)(P2-S1)(S1-nq2)
my
+F$(P2~n12)(P1~S1)(S1~n12)

4152 (P1-n12)(P2-nq2) (Sy - n12)2}

7m.
(51 n12)2— s?+ 2(31 ‘ny2)? *Tsﬂ

12
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@ Higher Post-Newtonian Orders
@ Higher Orders from the Stress-Enery Tensor
@ Action Approach
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Higher Orders from the Stress-Enery Tensor

with H. Wang, arXiv:0910.1008

@ Need spin corrections to canonical field momentum:

i if
Tican = Tligig T Tspin »

nflije|d = _ﬂ(fkyﬂ - ?/jykl)KkI-
such that: 1
pP._Vp ,_7/d3XEkITThTT,
i ; ai 167 can "'kli

Jj = Y(24Pa — 2hPai) + ¥ Saiyg)
a

a

j
@ Choose g,

1 . .
3 i KITT g TT KITT oTT
- 167 /d X(X Tcan hkl,j_Xjﬂ:can hkl,i)
1 ) .
3 KTT |, TT JKTT , TT
_2167'E/d X (Tgan hkj — Tean N

@ Got Hamiltonian for field evolution at formal 3.5PN. P
@ Checked 1PN energy flux (Kidder 1995). e
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Action Approach

Steinhoff and Schafer (2009)

@ Action:

Wieau, 2", pu. A2, Sap, A2, Aags Aa] = / d*x &
AAa/\anAB — n ab

@ Lagrangian densities . = £+ -2+ Zc:

1 az* 1 doab
zM:/deru 5 S0, ) o }54)
!
Zec= /df [lfsabeJrlz[i]/\[']apa— ;(P2+m2)] S(4)

1 5QR(4

26= 167
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Reduction of the Matter Part

in covariant SSC and time gauge

L= Lk +Lvc + Lok

@ Kinetic matter part:

, NS P NS
Lk = {pi‘FK/j”SJ‘FAkle(/)kefvji) B (Skj+ (”P j)> ]Z 0

2
AD AKIG)
L ns nS(ipy) — nSyPu) | Mg
pP:5 + [S () T v ] 5 Fy
e Constraint part Ly = Nozmater — Ni g matter
y/matter \/77' vn# nv %matter _ \/77-,-”’ n’
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Reduction of the Field Part and Result

@ Transition to (generalized) Newton-Wigner variables.

A o N 1.4 mp;nS;
= Lok =Aewyiwjod, g =5S;+ W

2
@ Spatial symmetric gauge (Kibble 1963): e(;; = € = ;i
ejek =gk = ©€j=1/0j
@ Definition of field momentum:
hon = 70+ 87AD§ 1+ 162B] A1 §
Ex[i€jk,0 = Bij 9ki,0

@ Result:

1 T 1, deiw)
W= @/d‘lxﬂgan h;}-) —i—/dt [PZ + = S(,)( N g E!; M
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Thank you for your attention!
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